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Abstract 

It is well known in quantum field theory that the off-shell effective action depends on the gauge 

choice and field parametrization used in calculating it. Nevertheless, the typical scheme in which 

_^ , the scenario of asymptotically safe gravity is investigated is an off-shell version of the functional 

D , renormalization group equation. Working with the Einstein-Hilbert truncation as a test bed, we 

<~i , 

develop a new scheme for the analysis of asymptotically safe gravity in which the on-shell part of 

^\i , the effective action is singled out and we show that the beta function for the essential coupling 

has no explicit gauge-dependence. In order to reach our goal, we introduce several technical 
novelties, including a different decomposition of the metric fluctuations, a new implementation 
of the ghost sector, and a new cut-off scheme. We find a non-trivial fixed point, with a value of 

r~^ . the cosmological constant which is independent of the gauge-fixing parameters. 

o 



1 Introduction 

The renormalization group is a powerful framework for the understanding of fundamental issues in 
quantum field theory and its relation to critical phenomena. From the point of view of high energy 
physics, its most important success is the discovery of asymptotic freedom in gauge theories. 
Building on that, Weinberg proposed an asymptotically safe scenario for quantum gravity [HIS], 
generalizing asymptotic freedom to the case in which the ultraviolet fixed point is not describing a 
free theory, with simple Gaussian path integral, but an interacting one. Lacking a small parameter 
to control a perturbative expansion, an assessment of whether such a scenario is realized in any 
theory of geometrodynamis is a much more complicated task than in the asymptotic freedom 
case. Following up on a seminal work by Renter |3j, an important amount of evidence has been 
collected in its favour, using continuous renormalization group methods. The general framework 
of such methods is centered around an exact functional renormalization group equation (FRGE) 
for the scale-dependent quantum effective action, also called effective average action (EAA). The 
main approximation scheme in the quest for non-trivial fixed points is that of truncating the 



theory space, by which we mean specifying an ansatz for the EAA and discarding any term in 
the FRGE that would lead the flow out of the ansatz. The trustfulness of the approximation 
is tested by looking at convergence patterns in subsequent extensions of the truncation. Many 
successful extensions of the early works [H El El [7] have been carried out, extending the original 
Einstein-Hilbert truncation to richer truncations, including polynomials in i? [8l El \T0\ \TT\ I12j . 
non-/(i?) truncations [13l[lH[T5], matter coupling [16l[T7] and running ghost sector [181 [HI [20] . 

It is a natural question to ask, how much physical information is contained in a given trun- 
cation, and which of the couplings will enter in scattering amplitudes and physical observables. 
Indeed, much of our field theoretic description of physics is superfluous, as for example fields are 
not observables and we are free to reparametrize them without affecting the S-matrix (see |21j 
and references therein) . Furthermore in gravitational and gauge theories we are used to deal with 
more variables than physical degrees of freedom, compensating the mismatch with a symmetry 
principle. When quantizing gauge theories we have to specify a prescription to dispose of the 
unphysical degrees of freedom, i.e. we have to chose a particular gauge fixing, and we have to 
be careful in order to avoid a dependence of our predictions on such arbitrary choice. A proper 
Faddeev-Popov procedure (or BRST symmetry) ensures exactly such independence for the phys- 
ical observables. However this is not the case for the effective action, which is not an observable 
per se, and in particular its renormalization group running depends on the gauge-fixing choice. As 
we would like to discern the physical from the unphysical and redundant content of the effective 
action, without loosing the power of having a single generating functional rather than a collec- 
tion of scattering amplitudes, we are led to the important question of discerning physical and 
unphysical content of the effective action. Luckily there are some formal arguments that come 
to help us: it can be shown that any infinitesimal change of gauge-fixing function will lead to a 
change in the effective action which is proportional to its equations of motion [22j . Furthermore 
any term which vanishes on shell does not affect the S-matrix as it is only possible to measure 
onshell S-matrix elements |21[ [23l [2l j. And this is also the reason why field redefinitions and 
gauge changes do not affect the S-matrix. 

It is thanks to such arguments that one can conclude that pure gravity is renormalizable at one 
loop |25], actually even finite in certain gauges [26], and that only one out of the many possible 
counterterms of order R^ is spoiling renormalizability at two loops [27] . One might wonder what 
is the gauge- and parametrization-independent content of the results on asymptotic safety, and 
whether we could reduce and simplify the task of testing asymptotic safety further by looking 
only at those components of the fiow which carry true physical information. 

In fact most of the arguments about field redefinitions and redundancy apply also to the 
flow of the EAA. Under an infinitesimal change of the running scale k ^ k + 5k, the effective 
average action changes as P^ — )• P^ + 5k cJ^Pfc. If the variation contains a part proportional to the 
equations of motion, S^Pfc ~ X • 5Pfc/5<^ + ..., then we can compensate it with a field redefinitioiu 
$ — )• ^ + SkX. In this sense certain components of the flow are said to be redundant or inessential. 
As a general effective average action will be parametrized by a set of running couplings {gi{k)}, 



^Note that this is true both for the full EAA and for any truncation of it. 



in order to disentangle redundant from non-redundant components of the flow it is useful to 
introduce the notion of essential and inessential couplings [2]. An inessential coupling is one 
whose flow can be compensated by a field redefinition. Equivalently, we can say that a coupling 
Qj is inessential if and only if dVj^/dgj vanishes on shell. All the other couplings are said essentialcl 
In the case of gravity there is actually a subtlety concerning the fact that a field redefinition, being 
a redefinition of the metric tensor, also redefines the running scale k. It was argued in [28^ I29j 
that beacause of this the running of the (technically inessential) Newton's constant cannot be 
frozen and we should require the existence of a fixed point also for it. We will see explicitly how 
this affects the flow equation. 

The present work is motivated by the desire to isolate the on-shell component of the RG 
flow of gravity, which we would expect to be gauge- and parametrization-independent. For this 
reason we will construct an on-shell expansion of the flow equation. We will work with the 
good old Einstein-Hilbert truncation, which has been used also in previous studies of the gauge 
dependence of FRGE for gravity [H |30l |31], but in order to achieve our goal we will introduce a 
number of novelties with respect to standard treatments. In particular we will adopt a different 
decomposition of the metric fluctuations, a modified ghost action, and a new type of cutoff 
scheme. Finally, we will evaluate the functional traces via a direct spectral sum rather than by 
heat kernel expansion, so that we will be able to expand the FRGE around a solution of the 
equations of motion rather than around -R = 0. At the end we will be able to check explicitly the 
full gauge-independence of the on-shell part of the FRGE. 

In Sec. [2] we set up the basis for our construction, presenting the general philosophy with the 
aid of the Einstein-Hilbert truncation. In Sec. El HI [5l and [6] we introduce step by step all our 
novelties. In Sec. [7] we analyze the fixed-point structure obtained in our scheme, and in Sec. [5] we 
conclude with a discussion of results and prospects. 

2 The general setup 

The Functional Renormalization Group Equation (FRGE) [32' '33] takes the generic form 



9tr,.[$,$] = ^STr 



^^r^ 



<^$^5$s 



+ nk dtiZk 



(2.1) 



where ^ denotes the collection of all the fields, ^ their background value and STr a functional 
supertrace. The running scale is t = In/c, and IZ^ is the cutoff function. For further details 
we refer to the many general reviews [Ml ESI ESI EZl EH EH] and to the gravity-oriented ones 

In the case of pure gravity, the fields comprise the metric, the ghosts and occasionally some 
auxiliary fields implementing the functional Jacobians originated by field redefinitions. We use 



^Note that often this definition requires also some smart reparametrization of the couplings, as it can be that 
for example two given couplings appear essential at first glance, whereas only their ratio is actually so. The 
Einstein-Hilbert action in Sec. [2] will provide an explicit example of that. 



the background field method to obtain a gauge-invariant AEE, and we define the decomposition 
of the metric by 

l^lv = 3^lv + V ' (2-2) 

with Qfjiu denoting the background and h^^ the fluctuations. For the background metric we will 
take that of a d-dimensional sphere, which is sufficient for the study of our truncation. 

Following [3] , it is useful to cast a general truncation of the effective average action into the 
form 

ryt[$, $] = f ^y + Tk[h, g] + Fgf [/i, g] + Fghi/i, g, ghosts] + 5aux[5, aux.fields] . (2.3) 

In this decomposition Tk[g\ depends only on the total metric. Pgf and Fgh denote the gauge- 
fixing and ghost-terms respectively, for which we will take the classical functionals but eventually 
allowing a running of the gravitational couplings, while S'aux is a coupling-independent action 
encoding the Jacobians. Tk[h,g\ encodes the explicit dependence on the background metric, it 
vanishes for h = 0, and it captures the quantum corrections to the gauge-fixing term. The role of 
the latter has been investigated via bimetric truncations in |441 H5] ; in the present work we will 
make use of the approximation F^ = 0. 

We will use our favorite test truncation, the Einstein-Hilbert truncation, 

fk[g\ = zJ'd''x^{2Ak-R) = -^ fd'^x^h^-^] , (2.4) 

where all the fc-dependence is implicitly encoded in the coupling constants, and we have introduced 

^ (2.5) 



" levrGfc ' 
and the essential coupling 

Tfc = GpAfc. (2.6) 

In this parametrization of the couplings, the left-hand-side of (|2.1|) (projected as usual on the 
background) reduces to 

QSA9\ = d,r,^-r [d'x^+^^ [d'x^g {-^.^ + ^ | • (2-7) 

The interesting thing is that the piece with the anomalous dimension r] = t, '' is proportional to 
the equations of motion 

i;=^A». (2.8) 

a simple restatement of the fact that Gk is an inessential parameter. We could also choose a 
parametrization in terms of r^ and A^, such that the role of inessential parameter be played by 
the cosmological constant, 

2-d 

f ^y = J^f d'x^ (2aI - aP'r] , (2.9) 



as well as several other possibilities |29j , involving in particular also redefinitions of the essential 
parameter. Eventually one would like to "define the coupling constants as coefficients in a power 
series expansion of the reaction rates themselves around some physical renormalization point" [2] , 
but we will content ourselves with distinguishing one essential and one inessential coupling. Most 
of our results and discussions are independent of the coupling parametrization, and the choice 
(rfc, Gk) fits well enough to our purposes. 

As argued in the introduction, we are interested in isolating the gauge-independent informa- 
tion contained in the FRGE, which we know should be associated with the on-shell part of the 
equation. For the Ihs of (j2.ip it is very easy to go on shell, and only the first term of (j2.7p sur- 
vives. For the right-hand-side things get more difficult, and it is for this reason that we are going 
to introduce some new methods in the following sections. In the standard approach, the rhs is 
expanded around i? = 0, with the functional traces being evaluated via a heat kernel expansion; 
beta functions are then obtained equating the coefficients of equal powers of R in the left- and 
right-hand-side of the equation. If we wish to go on shell, the problem in applying this standard 
strategy is that, for non-zero cosmological constant, all powers of R will contribute to the on-shell 
part. That is, we would have to know the whole series generated by the heat kernel expansion 
and be able to resum its on-shell part. As this seems a rather formidable task, the only consistent 
way to use the heat kernel on shell is to also expand to the same order in A, as indeed was done 
in [3]. Our strategy for the rhs of (|2.1|) will be different: rather than employing the heat kernel 
expansion, we will compute the traces via an explicit spectral sum over a spherical background. 
In this way we will retain all powers of i?, and we will be able to expand around the solution 
of ()2.8|) . without having to resum an infinite (and not known to all orders) series from the heat 
kernel expansion. 

Expanding to first order m. R— ^^A^ we will obtain a coupled system 

dtTk = f3rirk,r],Gk), (2.10) 

V = liTk^Gk), (2.11) 

where Gk = k "^Gk is the dimensionless Newton constant. Its appearance as an independent 
argument in /?,- and 7 is what spoils its full interpretation as an inessential parameter, and 
it is a manifestation of the double role played by the metric (in defining scales and being a 
dynamical field) which generically makes it impossible to remove Newton's constant from the 
RG equations [28l [29]. If this was not the case, we would have a standard situation, with the 
anomalous dimension r/ fixed by an algebraic equation, selecting a discrete set among the fixed 
point solutions r* = T*{r]) of P{T,r]) = 0. Because of the explicit dependence on Gk, it appears 
natural to switch to the formulation common in asymptotically safe gravity, in which we treat 
both Ak and Gk as essential couplings: 

dth = (3^{h,Gk), (2.12) 

dtGk = {d-2 + r,{Kk,Gk))Gk. (2.13) 

Despite that, we will see that the decomposition into essential and inessential couplings is nev- 



ertheless very useful, and it will help us in isolating the gauge-independent component from the 
gauge-dependent one. 

3 Hessian, symmetries and gauge- invariant decomposition 

The background decomposition (j2.2p leads to an expansion of the action of the type 



f[g + h]= f[g] + f « • h'^^ + h^'' . f^X^ . h^"^ + ... (3.1) 

where f ("•' stands for the n-th functional derivative with respect to g , evaluated at g = g^u, 
and • stands for an integration. 

From the Ihs of ()3.ip . it is obvious that the action has two type of symmetrieso 

1 . Invariance under independent tensorial transformations of g^j^u and h^y : 

Qtiv -^ QtJiy + Ce9^lv , (3.2) 

tl^i, 7" iL^i, -\- L-^il^i/ . v3-3j 

2. Invariance under gauge-type transformations on a fixed background: 

9fMu -^ gfiu, (3.4) 

hf,u -> h^u + Ce{g^u + h^u) ■ (3.5) 

While the first transformation is trivially implemented, order by order, also on the rhs of the 
expansion, one has to be more careful with the second type of transformation. Indeed, as the 
transformation of hf^i, in (j3.5p contains an /i- independent term, different orders in the expansion 
will mix under the transformation. In particular, at first order in h^^, it is the combination 

m-C^h'^^ + h^'^-m^^-C^g,^ (3.6) 






which is zero. Only on shell, when fJj j = ^^ = 0, the second-order part of the action is invariant 
on its own under 

hfj.u -> hfj,,y + C^g^u ■ (3.7) 

And only on shell will the Hessian contain zero modes rendering it not-invertible. In this sense, 
in perturbative calculations it is only the need to go on shell that forces us to introduce a gauge- 
fixing term. On the other hand the term h^'^ ■ Tpv^pa • C^hpfj is different from zero also on shell, and 
it only cancels in combination with the term of the same order coming from the next term in the 
Taylor expansion ()3.ip . The story goes on in a similar fashion for the higher-order terms. Because 



^The action is invariant under diffeomorphisms. Remember that for an infinitesimal transformation x^ — >■ x^+e^ , 
the metric transforms as q — > q + CtO —q + C^quv + Cehnv, v/here CeO = e'^dcQ +q due" + q dv€°' 
is the Lie derivative, which is a linear operator. Note also that, with the aid of the background-covariant derivative, 
we can rewrite Ctgf_,v = V^e,. + Vi,e^, and £5/1^,. = e^Vaft^,. + feai^V^e" + ha^V„e°' 



of the 1-loop structure of the FRGE, and because we set h = in its evaluation, discarding any 
non-trivial running of the gauge-fixing and ghost terms, it is only the on-shell symmetry of the 
Hessian that plays an important role in our analysis, and for this reason, in the following we will 
only be concerned about the on-shell symmetry (j3.7p . Thanks to that, we will now be able to 
switch to gauge-invariant and pure-gauge variables. 

The transverse-traceless decomposition of the metric tensor is given by 

V = hl^ + ^M^^ + V^^M + V^V^cj - -g/^uV^a + -g^^^h , (3.8) 

with the component fields satisfying 

g'''^hl, = 0, V''hl, = 0, V% = 0, /i = 5M./l^^ (3.9) 

Decomposing also the diffeomorphism parameter as e^ = e^+V^e (with V^e?^ = 0), the symmetry 
is rewritten as 

(3.10) 
(3.11) 
(3.12) 
(3.13) 

It is appropriate to introduce the gauge-invariant scalar 

h = h + Aa, (3.14) 

where we also defined A = — V^. 

We will also redefine the field a, to bring the gauge-fixing part of the action into a simple form, 
and completely decouple (on shell) the gauge-invariant from the gauge-variant field components. 
To this end, we recall that a general gauge-fixing term for the type of truncation we are considering 
here is 

rgf[/t, <7] = ^jd'^x^F^F^' , (3.15) 



hi. 


— > 


"■/^i/ ; 


(, 


— > 


Cm + e^ , 


a 


— )• 


cT + 2e, 


h 


— )• 


h + 2V'^e. 



with 






Fp = VV - ^r^V^ft = _ A - -k^ - V„( ^A - -)<T- ^S. (3.16) 



The parameter a determines the width of the Gaussian fluctuations around the gauge-fixed surface 
F^ = 0, while /3 parametrizes different choices of F^. We define the new field 

in terms of which it becomes manifest the dependence of the gauge-fixing term on only two fields: 
%[Ml = |/A^{e(A-f)% + .(^4^A-f)^ , (3.18) 



We have achieved a separation between the gauge-invariant fields {fii^,, h} and the gauge- variant 
ones {C/i)^}- Note that this is true only as long as we discard the higher order part of ()3.5p . 
i.e. the C^h^^ term, and this is an approximation compatible with the truncation of the Taylor 
expansion (j3.ip to second order in h^y. 

The change of variables p.Sp gives rise to a non-trivial Jacobian, which will be accounted for 
in Sec. H] with the introduction of auxiliary fields \\.2\ lllj . On the contrary, the field redefinition 
{/i, o"} — )• {/i,^} has a trivial Jacobian and brings no other auxiliary fields in the action. 

4 Ghosts and auxiliary fields 

In order to discuss our peculiar choice for the ghost sector we have to anticipate some aspects 
of the results of our full calculation. With the usual implementation of the ghost sector, we 
found that the on-shell traces depend on r]^ = —-§-dt^ = rj + ^, which carries with it a 
gauge-dependence. The typical choice is to assume dta = but to keep the running of Zk, 
i.e. r]a = Vi which amounts to dictating a specific running of the gauge-fixing term, with W^ 
eventually reaching a fixed poinlQ together with Gk. As we are not computing the beta function 
for a, other choices for r]a would be equally valid, and we can view any given choice of rja as part 
of the scheme dependence of the FRGE in our truncation. 

Here we want to suggest that an exact cancellation between pure-gauge and ghost degrees of 
freedom should be realized on-shell. Note that such a cancellation was achieved (off-shell, but in 
a special gauge) in higher derivative theories [HI [l2l [17], where effectively the equivalent of r]a 
was set to zero. We want to achieve it on-shell also for general gauge and rjau £^i^d for this reason 
we propose a different implementation in terms of ghosts of the Faddeev- Popov determinant. 

/ 7 

First of all, one notes that in full rigor an overall factor W -^ should be present in the ghost 
action (one way to see this is that we have a factor y/Z^ from the constraint functional, and a 
factor l/-y/a from the so called third ghost part |22j). Since such a factor is field- and derivative- 
independent, it is usually discarded in perturbative calculations, as well as in the literature on 
asymptotically safe gravity. The justification for discarding it in the analysis of the FRGE is that 
if we discard its running, then it completely disappears from the FRGE. However, if we let it 
run, it will contribute to the FRGE with terms proportional to rja/2, and as r]a is usually not 
discarded in the gauge-fixing sector, we find its omission from the ghost contribution not fully 
consistenlo. The inclusion of a factor y -^ turns out not to be the end of the story: we found 
that its inclusion does not eliminate the dependence of the on-shell equation on r]a . 



^It is expected, in analogy to Yang-Mills 46! and from general arguments [47], that a = should be a fixed 
point. Nevertheless this does not fix the anomalous dimension ria ai a — 0, as no argument is known which can fix 
the undetermined zero over zero ^t^ without an explicit calculation. 

^We will always assume 9t/3 = 0, but the cancellation mechanism we propose works also for terms proportional 
to dtP. 

®0f course, as we are not deriving beta functions for the gauge-fixing and ghost terms, the choice to discard or 
not the running of such terms is part of the arbitrariness of the truncation. Note that in [191 120| the running of the 
ghost kinetic term was studied, but not that of the gauge parameter a, so the extent to which the ghost anomalous 
dimension differs from the anomalous dimension 77^ of the gauge-fixing term is an open question. In the present 



In order to achieve our goal, remember that, cahing Ai the ghost (or Faddev-Popov) operator, 
the Faddev-Popov determinant is | det(A^)|, and it is this which we usually implement via a path 
integral over the ghosts. However, barring a multiplicative anomaly, the Faddeev-Popov deter- 
minant is also equivalent to y^det{jA^. In a path integral we can realize these two expressions 
respectively as 

r,, . yf / AV5{C-(A - f )CJ . 2<1^A - f ) A.} . (4.1, 



and 



rgh,2 = f / d'x^g{c^>^ (a - ^) "Cl + 4c- 



'"A- — Ac 



d dJ 



....,A-f)V..(^^A-f) = 



(4.2) 



where C.T and c are complex Grassmann fields, while Bt^ and b are real bosonic fields, and the 
vectors are all transverse. In both cases, the functional integration over the ghostiJ exactly can- 
cels with the integral over ^ and a of e~ sf. On the other hand, implementing a cutoff via the 
rule (|5.ip , one finds that the relative functional traces appearing on the rhs of (j2.ip do not cancel 
in the first case (unless r]a = 0), while they exactly cancel in the second. In order to achieve full 
gauge-independence of the on-shell equation, we will adopt in the following the new ghost action 

m. 



The final ingredient of our truncation is the action for the auxiliary fields, introduced to 
take into account the Jacobian arising in the TT decomposition ()3.8p . The Jacobian for the 
gravitational sector leads to the standard auxiliary action 



S.„-^ = / A^{2x^'.(a - f )'xj + x(^A - f )'ax 

..C-(A-f)\j.c(^A-f)V}, 



(4.3) 



where the Xu ^-'^d x ^^^ complex Grassmann fields, while Cj and C are real fields. The Jacobian 
for the transverse decomposition of the ghost action, in its new version (|4.2p . is given by 



5aux~gh = / d^x^^A^, (4.4) 

which differs from the one we would obtain from a standard ghost sector (14. ip |1H [T2] only in 
the fact that the field (p is real rather than complex. 



work we assume that they are related exactly as in the path integral construction and we denote the anomalous 
dimension for both the ghost and gauge- fixing sector with rja. 

In analogy with the "third ghost" of higher derivative gravity [22j . we keep the name ghost also for _B,j and 6, 
even if they are normal bosonic fields. 



5 On-shell cutoff scheme 

We use the standard cutoff scheme (of Type I, in the nomenclature of [H]), which amounts to 
choosing the cutoff TZk in such a way to implement in the Hessian the rule 

where r/;(x) is some fixed cutoff profile function. However, we do not implement it on all the 
terms of the gauge-fixed Hessian. Rather, we apply it only to those terms that survive when 
the background goes on-shell. It is clear that such a choice is valid, as we are still enforcing a 
cutoff on the low-modes for every single field in the path integral, thanks to the presence of the 
gauge-fixing term. This choice, which we will dub "on-shell Type I" , is an important step of our 
construction, which helps separating gauge-invariant from gauge-variant fields in the FRGE, and 
facilitates its analysis. 

The quadratic part of the gauge-fixed gravitational action, can be decomposed as 



r, - fiu,pa ■ " "T J- gf , 

^^ ^ \sd 






(5.2) 



with 



d-2-/ {d-2)({d-l)A-R)-2f3^A_ 

- ^;^H(d - 1)A - R) -^ ^-2 h (5.3) 

^'^ ^ ^ ((d - 1 - /3)A - i?j 

(^-2 /,, „\ , d-2,, ^,- (d-l)A-R , 

We see that for /3 7^ the definition p.l7p has led to a non-local off-shell Hessian, which reduces 
to a local one on shell. It is only the latter that we wish to regulate in our scheme. That is, 
it is only on the first four terms of ()5.2p that we impose the cutoff rule ()5.ip . leaving the part 
proportional to the equations of motion R — -jz^^^k untouched. The ghost and auxiliary sectors 
do not have such a natural decomposition, and the rule applies as in the standard case. 
In practice, we have 

'H - ^on-shell i-^fcj - «on-shelli^i ' i^-^i 

for any term of the type i2^iH^^^^^'{A)(^j in the quadratic part of the truncated EAA, where by 
^on-shell we mean that part of the Hessian that survives on shell. For example, we have 

10 



Spin s 


Eigenvalue Xn^s 


Multiplicity Dn^s 





n{n+d-l) j^_ A 1 


(n+d-2)! (2n+d-l) 
n\(d~iy. 


1 


n(n+d-l)-l p. ^ _ 1 r, 
d(d-l) ^^^ i,Z... 


(n+d-3)! n(n+d-l)(2n+d-l) 
(d-2)!(n+l)! 


2 


d{d~i) n,n-2,6... 


{n+d~3y.(d+l)(d-2)(n+d)(n~l){2n+d-l) 
2{d-l)!(n+l)! 



Table 1: Eigenvalues of the Laplacian on the d-sphere and their multiplicities 

for the ^^ part, and so on. 

We omit the details, just pointing out that one of the simplifications of our choice of variables 
and cutoff scheme is to diagonalize the (h, a) matrix being traced in the FRGE. Indeed from (j5.2|) 
and ()5.4p it is clear that no cutoff is introduced for the mixed (h, a) terms. 



6 On-shell expansion and spectral sums 

As discussed in Sec. O we are going to evaluate the traces by a direct spectral sum rather than 
in a heat kernel expansion. By spectral sunu we mean that a generic trace will be evaluated as 



TTsW{A) = ^Dn,sW{Xn,s 



(6.1) 



where {Xn,s} is the spectrum of eigenvalues of the Laplacian A on spin-s fields, with the relative 
multiplicities {-D^.s}- The spectrum of the Laplacian on a d-dimensional sphere can be found in 
[50] (see also [H HI] ) , and we report it for convenience in Table [H 

We have to be careful not to include fictitious modes in the sum |1H [12] . Remembering that 
our decomposition for the metric fluctuations is 



h 



flU 



Ku + V^e^ + V^Cm + V^V^a + -g^^ - V^V^ 



(? 



/3 



{d - 1 - (3)A - R 



h. 



(6.2) 

we see that we should exclude two sets of modes that give no contribution to h^^. First, we 
should exclude the Killing vectors, satisfying Vfj,S,u + V;^^^ = 0. Second, we should leave out also 
the constant scalar modes a = constant. A similar set of modes should be excluded also from 
the ghosts and auxiliary fields, as these are all fields introduced hand-in-hand with ^ and a. The 
only fields for which we retain all the modes are ht^ and h. Note that, differently from |1H I12J. 
we do not exclude the scalar modes corresponding to conformal Killing vectors C^ = Vfj^a, i.e. 
those scalar modes satisfying V^VufJ = ^fl'/ii/V^o'. It is indeed clear that in our decomposition 
(j6.2p such modes do contribute to h^^,. This can be seen also from the point of view of the ghosts: 
the ghost modes should be in one-to-one correspondence with the modes of the gauge parameter 
(e^, e), and from C^g^^y = V^e^ + Vj^e^ + 2V^Vi^e it is obvious that there is no reason to exclude 
the scalar modes e corresponding to conformal Killing vectors. We define the index of the lowest 



Spectral sums have been used before for a conformally reduced truncation [48], and for topologically massive 
gravity [49) . 
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mode being included in our sums as no,s, for which we have no, 2 = ^0,1 = 2 and no,o = 1- The 
contribution of the constant h mode will be added separately. 
We choose to work with Litim's optimized cutoff |51] 



rk{x) = {1 - x)e{l - x) , (6.3) 

for which 

dt{k'^rk{A/k'^)) = 2k^9{k^ - A) . (6.4) 

Its great technical advantage is that all the functions appearing in the FRGE have a numerator 
proportional to the step function, and hence the spectral sums are cut off at Ng = max{n G N : 
^n,s < k"^}. At the same time, for all An,s < k"^, we have Pk{Xn,s/k'^) = k"^ ■ 
Introducing the dimensionless quantities 

R = R/k^ , Afc = A/fc^ , (6.5) 

we write the FRGE as 



(6.6) 



dtTk= Yl Yl ^^(^«.«/^^^'^fc'^;«'/5'^") I +^const.mode-h 

s=0,l,2 \n=no,s / 

= S{R,Ak,r];a,^,r]a). 

where the functions Ws{A/k'^, R, A^, ry; a, /?) are obtained by collecting the contributions to (j2.ip 
coming from all the fields of spin s. Note that A'^, is a function of R as well as of the spin s. 

As already stressed, the importance of evaluating the traces via a spectral sum is that it allows 
us to expand the result around a solution of the equations of motion, as we now proceed to do. 
When expanding ()2.ip around the solution of (12. Sp , the Ihs of the equation is of course the easiest 
part. For our spherical background we have 



k' 
where 



' J d^x^ = ndp"" , (6.7) 



Substituting this formula for the volume in (j2.7p . and expanding the resulting expression around 
the solution of (|2.8p . we find 

d 
2 



af,=a«?^^(''-i>(''-^' 



TT y 2rfc 



d 



(6.9) 



/ dtn f {d-i){d-2) \\ n, f (d-i){d-2) Y^^f^ 2d ~ 

^V~d^l[ ^, JJl^l ^. ) ^' [''-d^2^' 

For the rhs of the FRGE we have 

S{R,Ak,v;a,P,Va) ^S^''\Ak,v) + {R- ^^h)s^^\Ak,v;a,/3,Va) (6.10) 
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where S^^' = S\n 2d i and S^"^' = ^1 & 2d x , and from now on we will omit their arguments. 
The important result is that 5*^'''' is completely gauge independent, that is, independent of a, j5 
and rja- 

By comparing similar orders in the expansion, we obtain a system of two coupled equations 

«'^'= = £ { (i-m-^i f^"" ^ Mr.,,a,) = arm.',). (6.11) 



which is of the type we already anticipated in (|2.1Uti2.rT]) . after the substitution A^ = t^G^ '^ 
Specializing to d = 4, we have 



2_ 
2 



1 f3(v{2h + 3r-72Al 
5(0) ' ^ 



72A2 \ 4A;i 



5(2Afc - 3) ( ?? ( 16A^ + 18Afc - 9) + 18 ( -A^ + sj Kk{nKk + 12) + 3 _ _ 

2A. + 3 



18 ( y A3(13Afe + 12) - 38A2 + QA^ + 3^Afc(13Afc + 12) + 9 

+ ^^ X 

Afc-1 J 

which can be seen to be explicitly gauge-independent. On the contrary, S^^> is gauge-dependent 
and could only be evaluated analytically by specifying a numerical value for the gauge-fixing 
parameters a and /3, together with a choice for 77^. We report here the result for a = /3 = (for 
which the result is independent of t/q,): 

^(1) ^ J_ / Pi(Afc) ^ P2(A,) ^ P3(Afe) \ .g ^4. 

48A^(3-4Afc)4 (2Afc + 3)2 (A^ - l)3(13Afc + 12)^' 

where 

Pi(Afc) =3Af,( - r?(2Afc + 3)(4Afc - 3)^ - 4( - 96Af, + 384A| - 270A| - 81 A| 

(6.15) 



+ \/3f 32^A9(3Afc + 4) - 54iyA|(3Afc + 4) + 27^13(31^ + 4) j + 81A, 



P2{lk) =5Al ( r/(32At - 32A| - 120Ai + 18Afc + 27 

272Ap 294A^''^ 513 

VlTAfc + 12 Vl7Afc + 12 \/l7Afc + 12 



/ 272A!/^ 294A^/^ 513A^/^ ~. -^ ~ 

+ 3 , ^ , ^ , ^ - 16A^ + 90A^ - 8lAfc (6.16) 



54(3W^^^ + 1 

V 17Afc + 12 
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K(Afc) =3 - U\ AlHl3Ak + 12) - 83\ AlHlSAk + 12) + 5lA/A?(13Afe + 12) 



+ AMAl + 99y A7(13Afc + 12) - 272A| - 672A| - 54^A|(13Afc + 12) (6-17) 

+ 468A| + 198Af, - 216Af. 

Note that despite their first-sight appearance, both S^^' and S^^' are regular at A^ = 1, while 
they have a singularity at A^ = 3/4, which is a simple pole for S^^' and a pole of order two 
for 5^^'. The presence of such poles is understood to be a generic feature of local truncations, 
disappearing in more generic truncations that better capture IR physics [12] . 

7 Fixed points and stability exponents 

From our on-shell equation in d = 4 we find 

5irfc = ^5W=/3,(Tfc,r?,G'fc), (7.1) 

on 

with S^^' given by ()6.13p . As a consequence, the beta function for r^ is explicitly gauge- 
independent. The explicit dependence on G^ comes from the fact that S^^' is a function of 
Ak = Tk/Gk rather than of r^ alone. Indeed we can actually write 

Mrk,V,Gk) = GlfCAk,v)- (7.2) 

One then finds that there is a one-parameter family of zeros of /?,- with A* = A* (rj) , but in order 
for any of these zeros to be a fixed point of r^, also Gk must go to a fixed point. And for Gk to 
have a non-trivial fixed point, we must necessarily have rj = —2. In this case the fixed point for the 
cosmological constant A^ is unique and gauge- independent! This is the main result of our paper. 
We have to use (|6.12p in order to determine the value G* at which r/ = —2, A* = A*{r]), and 
hence determine also the value of r*. The solution turns out to be unique, but gauge-dependent. 
The same results can be obtained also by switching to the more usual picture ()2. 12112. 13]) . We 
find 

A* = 0.2612, (5* = 1.458, (7.3) 

corresponding to r* = 0.380968. We stress again that this value of G* is obtained at a = /3 = 0, 
while that of A* is independent of such choice. The computational difficulty is in keeping /3 
generic, but for any fixed value of /3 the fixed point G* can be obtained as a function of a and 
ijo,. Varying /? in the range [—1,1], and with ija = r], the fixed-point value for Newton's constant 
was found to be typically of the form G* (a) = x/{y + wa) with x, y and w real positive numbers 
of order one which depend on /3. We see that G*{a) goes to zero only for a — t- oo but such limit 
would mean no gauge-fixing, which is of course inconsistent; for a = —y/w we have a pole for 
G* , and for smaller values Newton's constant becomes negative, but negative values of a should 
be excluded, as in the Euclidean path integral they amount to emphasizing the gauge degrees 
of freedom rather than suppressing them. Note also that a = is expected to be a fixed point 
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for the gauge parameter |46( l47t E], hence negative values would never be reached for an initial 
condition at a > 0. 

An alternative fixed-point scenario, contemplated for example in [JO], would be the one in 
which Tfc reaches a fixed point while G^ and A^ go one to infinity and the other to zero. We found 
that Gk — )• oo is never a fixed point p while Gk — )• is an IR fixed point with 77 = (and any finite 
value of T*, including zero, which corresponds to G = A = and we will call the proper GFP). 
However, the fixed points (r* > 0, G* = 0) are separated from the sector containing the proper 
GFP and the NGFP by the singularity at A^ = 3/4. In conclusion, within the realm of validity 
of the Einstein-Hilbert truncation the only fixed points are the proper GFP and the NGFP (j7.3p . 

Around any fixed points {fig^dt) = 0} of the beta functions for the couplings {gi}-, the 
linearized RG fiow dtgi = ^ij{gj ~ 9*j) is governed by the stability matrix 

Defining the stability coefficients 9i as minus the eigenvalues of B, the relevant (irrelevant) di- 
rections are associated to the eigenvectors corresponding to stability coefficients with a positive 
(negative) real part. 

The stability exponents are independent of the coupling parametrization, be it {Tk,Gk), 
(AfcjGfc) or any other (see [2] for a simple general proof), but they are mildly gauge-dependent. 
In the gauge a = f3 = we find 

6'± = 1.912 ±0.6685 i . (7.5) 

The corresponding eigenvectors are of course parametrization-dependent, and in the {Ak,Gk) 
plane we have 

V± = {0.2550 ± 0.4958 i, -0.8300} . (7.6) 

Comparing the fixed-point values and stability exponents found here with those found in the 
previous literature (as collected for example in Table 1 of [17]), we can observe a qualitative (and 
grosso modo quantitative) agreement with previous results. In particular, the a-dependence of G* 
is very similar to that found in [31J . The main novelty of our result is that all the gauge-dependence 
is carried by Newton's constant, while the fixed-point value of the cosmological constant is gauge- 
independent. 

8 Discussion and outlook 

We have achieved the slightly paradoxical conclusion that whereas r^ is the only essential pa- 
rameter in the Einstein-Hilbert truncation, its value at the non-Gaussian fixed point is as gauge- 
dependent as those of Gk, while the NGFP value of A^ is gauge-independent, and given in d = 4 by 
A* = 0.2612. The reason behind such outcome is that, while the beta function of r^ has no explicit 
gauge-dependence, it is a function of Gk, whose flow is instead governed by a gauge-dependent 



^In the limit Gk -^ co the function PriTk, V, Gk) can go to zero only ii t] — 2 and r^ -^ 0. However, rj — 2 means 
Gk ~ k'^, hence Tk should be going to zero for k — >■ cxd; instead, solving (|7.1|l for rj — 2 we find that Tk-^oo -^ 00. 
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function. Nevertheless the particular dependence of /3^ on the combination Tk/Gk = A^ implies 
a gauge-independent fixed point value for Ajt, in agreement with one-loop results [52]. 

The appearance of Gk in the beta function of r^ is a practical consequence of the special 
role of the metric, for which the scaling of the field and the scaling of the momenta are the same 
operation, as discussed in [28j. Another way to understand the peculiar role of Newton's constant 
might be to note that G can only be removed from the action by a redefinition of the full metric 
Ofiu + h^jj, or by a redefinition of the graviton field h^y with a field-independent shift. Both 
redefinitions are unusual and it is not obvious that they are contemplated by standard proofs of 
equivalence of S-matrix elements. 

It should be noted that the same phenomenon can be observed in one-loop calculations for 
the running of Tk [S2] , as well as of other essential parameters [53] • In such cases one can observe 
that it is the contribution of quadratic divergencies that is bringing Newton's constant into the 
beta functions of the essential parameters, highlighting the fact that the dimensional nature of 
G is another peculiar aspect of the game. 

As the location of a fixed point is not expected to be a universal property, its gauge-dependence 
might not be an issue, at least as long the fixed point is found in any viable gauge. On the 
other hand, critical exponents are usually universal, and their gauge-dependence appears as an 
annoyance. In this respect, it would be interesting to study the running of the gauge parameters 
as well: we already have arguments [lUJ ST] supporting a fixed point at a = 0; it would be 
interesting to confirm that for gravity and look also for fixed points of /3. Despite the unphysical 
role of the gauge-fixing we cannot exclude that the gauge parameters would be forced to go to 
their fixed-point value at the gravitational fixed point. 

It is interesting to point out that in the scheme we presented here, and because of the re- 
striction to a maximally symmetric background, the truncation method has a clear physical 
interpretation: higher order terms are further off-shell and might hence be discarded. This might 
explain the nice convergence properties of the polynomial truncations in R |1HI12J. On the other 
hand, on a non-spherical background one would have no reason to discard (C^j/po-)'^ and higher 
powers of the Weyl tensor, as in general this is not zero on shell. However, as soon as we add any 
other of such terms to the truncation the equations of motion change (remember that we are not 
using perturbation theory, and the equations of motion are those of the effective action, not of 
the bare one). 

Finally we should mention that even though we concentrated here on the Einstein-Hilbert 
truncation for gravity, the ideas and methods introduced could be applied also to other truncations 
as well as to other gauge theories. A more general treatment and further applications will be the 
subject of future work. 
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